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JloKa/ibHbI MHTErpaJ, MO3BOJSIOLIME Cpasy ONpelessiTh MoJie CKOPOCTeH il HEKOTOPbIX KOHKPETHBIX
HavaJibHbIX YCJOBH, Obl1 BBeleH AHTOHOBBIM U [1lamiineBbiM B 1992 1. B atoii paGoTe Mbl paccmMatprBaem
CJlyuau, KOTJla HHTErpPUPYyeMOCTb TPAEKTOPHUH MOXKHO MPOJABUHYTh Jasblie. Toraa noJyyaercsi aHajuTHUe-
CKasi CBsSI3b MEXIY T, Y, 2, t TaHHOH TpaekTopuu. Kymaccnpuuupyiorest BO3MoKHbIE CJIydau, U aHAJIH3UPYyeTCst

OJIMH U3 HHX.

KuioueBbie cioBa: memoosl: wucierHole — 38e30HASE OUHAMUKA: ypasHeHue osucerus

l. BBEAEHUE

[IpakTHueckyio moJsib3y B CMbIC/Ie TIOHUMAHUS Xa-
pakTepa JBUKEHMSI YaCTHLL B 3aJaHHOM [10Jle MOTYT
MPUHECTH M TaKhe WHTEerpasibl IBUXKEHHS, KOTOpbIe
CYLLECTBYIOT He MpPH BCeX HayaJbHbIX YCJOBHSIX, a
TOJIBKO Ha UX MHOroo6pa3uu MeHbLIel pa3sMepHOCTH.
At unterpasbl B. A. AHTOHOBBIM Ha3BaHbl «JIO-
KaJbHbIMH» (Antonov, 1981). [TosyueHHblit aBTOpOM
JIOKAJIbHBIH MHTErpaJl UMeeT BTOPYIO CTeMeHb M0 CKO-
pOCTSIM WJIM, B MCKJIIOUHTEJbHBIX CJyYasiX, MepBYIO.
B oranuue or unrerpana Jlunnen-besnna (Lynden-
Bell, 1962; 2016), 3nech peub HJET, 1O CYIIECTBY,
0 «YaCTHOM» HHTerpaJjie M3BeCTHOro B TEOpPHH Bpa-
ILIEHUsT TBEPJIOTO Tejla BOKPYT 3aKperJeHHOH TOUKH
(Golubev, 1953). Jlokasbhblit uaTerpas B. A. Aunro-
HOBA, MOCTPOEHHBII B aHAJIMTHUECKOM BH/1E, B OTJIMUHE
OT HACTOSIIEro MUHTerpasa, Booblile TOBOPS, ellle He
MO3BOJISIET HAHTH CaMH TPAeKTOPHH, a TOJNbKO HHBA-
pHaHTHble MHOXKecTBa B (ha30BOM IpocTpaHcTBe. B
pa6orax Antonov and Shamshiev (1993), Shamshiev
(1995; 2021) 6bL1 MccaenoBaH JUHERHbIH JIOKAIbHbBIH
MHTErpaJl B CTallMOHAPHOM T'PABUTALMOHHOM T10JIE BO
BPALLAIOLIEHCS C TOCTOSIHHOM YIVIOBOH CKOPOCTBIO
cucreme kooparHat. Antonov and Shamshiev (1994)
paccMaTpUBaJIi HEKOTOPBIN CrieldasbHbIH CJydyai UH-
TErpUPyeMOCTH MJIOCKOTO JABH2KEHHUSI B [10J1€ TSTOTEHHUS
Bpallaioliecst CHCTEMbI TIPH HAJIMUUK JIMHEHHOTO HH-
TerpaJa.

B 310l paGote aHa/sM3UPYIOTCS CJyyan MHTErpU-
pYeMOCTH TPAeKTOPHUM B IPOCTPAHCTBEHHOH 3a1a-
ue ¢ JBy3HauHbIM TojieM cKopocteil. CorsiacHo Ha-

“E-mail: shamshiyev_f@nuu.uz

leMy npejblylieMy HcecaenoBanuto (Antonov and
Shamshiev, 1992), norenuuan U(z,y,z) npu Ha-
JIMUHH JIOKAJILHOTO MHTErpasia, ONpeiesisiiolero cko-
POCTb B IaHHOH TOUKE C TOYHOCTBIO JI0 3HAKA, JIOJIKEH
Y/IOBJIETBOPSTH COOTHOLLIEHHUSIM:

U= L(VE)? + p(L)] (1)

rjie p — TMOKa MPOU3BOJIbHAST (DYHKIIMS, a BCIOMOra-

TesibHast pyHKUMS L(z,y, 2z) YIOBJETBOPSIET ypaBHe-
HHUIO

(VL)? =1, (2)

B TO BpeMsi Kak ¢yHKuusi F'(x,y, z) noaunHeHa orpa-
HHUEHHIO

VL x VF =0. (3)

I10 He camasi o0l1as, HO 0CTATOUHO MPOCTasi cxema
MOCTPOEHHs JIOKAJLHOTO HMHTerpasa C yKa3aHHbIMH
TOMOJIOTMUECKUMH CBOHCTBAMHU MoJisi ckopocTeit. Kak
oObsicHsioch (cM. Antonov and Shamshiev, 1992),
C y4eTOM [MepPeurCJIEHHbIX YCJOBUHA TMpH JI0O0H Mo-
CTOSIHHOH SHEPTUH h MOJHOCTBIO ONPENIeIISIIOTCS 101y~
CTHUMbl€ 3HAUEHHS BEKTOPA CKOPOCTH, €CJIM HauaJIbHble
YCJIOBHSI COOTBETCTBYIOT HEKOTOPOMY OMpejiesleHHO-
MYy HHBapMAaHTHOMY MHOroo0pasuio B (hazoBOM Mpo-
CTpaHCTBe (MPH MPOU3BOJLHOM MHTETpajie SHEPTHH ).
IT0 elle He JlaeT BO3MOXKHOCTH MOJYUUTb B SIBHOM
BH/I€ 3aBUCHMOCTb KOOPJIMHAT OT BPEMEHH, TTOCKOJIbKY
ocTaercsl He0OXOJAUMOCTb MHTErPUPOBAHHUSI CHCTEMBI
i depeHiManbHbIX ypaBHeHUH

de dy dz

u v w
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154 HIAMIIMEB

HO TIOPSIA0K 3TOH CHCTEMBI MOXKET OBITb TOHHKEH,
€CJIM BO3MOXKHO «pacLUMpeHHe» YIOMSIHyTOr0 MHOIO-
o0pasusi ¢ HyJIeBOH XOTsl Obl 10 G€CKOHEUHO MaJlou
LLIMPHHBI.

[Tpu TakoM «paclIdpeHUH» Mbl He MEHsIEM TTOTeH-
1lMaJsia, HO BCIIOMOTraTe/ibHble (YHKIMH MOTYT MOJy-
UUTh CBOM OECKOHEUHO MaJjible MpupalieHus. Pacuersl
BeJIeM C TOYHOCTBIO MEPBOro MOPSiKa MO HEKOTOPOMY
o6111eMy MaJIoMy rapaMeTpy, BXOJSIIEMY B 3TH TpUpa-
ieHus1, auHeapusauus (1), (2) u (3) npuBoUT K

2VE x VOF + p/(L)0L + 6p(L) =0,  (5)
VL x V§L =0, (6)

V6F x VL +VF x VOL = 0. (7)

Pelenne 370# 10BOJIBHO CJI0XKHOH CHCTEMBI H CO-
CTaBJIsIET B OCHOBHOM MPEAMET IpelaraeMoi cepuu
ctateil. B naHHOH nepBoil myGJMKalMK MbI ellle He
pelaem 3ajauy 10 KOHLA, a:

1) koHkpertusupyem ¢yHkuuio dp(L), oKasblBaroly-
[0Csl 3JIEeMEHTapHOH IOBOJILHO Y3KOT0 KJacca;

2) naem KJaccH(UKALMIO KAuyeCTBEHHO Pa3JHUUHBIX
BAapHAHTOB;

3) CBOJMM K BO3MOKHO GoJiee MPOCTOMY BH/Ly OCHOB-
Hble POPMYJIbl OHOTO W3 BAPHAHTOB M, B YACTHO-
CTH, (PUKCHpyeM MHoroo6pasue, Ha KOTOPOM pac-
MoJI0’KeHa TPAEKTOPHSI.

2. PA3JIO)KEHH S TTPOU3BOIHDIX 6F U

JIPYTUX ®YHKILIMM BBJIM3UM BBIBPAHHOM
OCH

[Ipexkne Bcero o6paTHM BHUMaHHE Ha BEKTOPHYIO

pynkunio R = VI F. [TockosbKy ypaBHenus (5) 1 (7)
3a/1a10T B KaXJI0M TOUKE MPOEKIMH 3TOro BEeKTOopa Ha
JIBa HarpaBJieHus, (PUKCHPOBAHHbIE OPTOrOHA/LHBIMH

Jpyr aApyry Bektropamu VF u VL, R cpasy popmasbHO
onpejesisieTcst 1Mo MpaBuJaM BeKTOPHOH asredpbl ¢
yueToM (2) Kak

R=—(VF x V0L) x VL

p' (L)L + dp(L) (8)
AV VF — AXVL x VF).
[Ipuuem B (8) ocraercsi elle MPOM3BOJI, CBSI3aHHBIN
¢ BLIOOpPOM cKaJsisipHOU QyHKUMH A(z,y, 2). Boamoxk-
HbI 0COOBIA cJlyyall MOCTOSIHCTBA F' BbINanaer U3
HH2KECJIeIYIOLIEr0 pacCMOTPEHHUS U I0JI2KeH paccMar-
pHUBATBCS OTIEJBHO.

Kpome sToro oco6oro cJjyuasi, MOxKHO ONUpaTbCs
Ha BekTopHoe cooTHouleHue (8). [TockosbKy cieBa
CTOMT TpajiMeHT OT JF', pOTOp MpaBOi YaCTH JIOJI2KEH
o0pallaTbCsl TOXKAECTBEHHO B HyJb. DTO JdeT TPH

ACTPOPU3IUYECKWH BIOJIJIETEHD

COOTHOULIEHHSsI, KOTOPbIE CbOpMaJIbHO MO2>KHO 3arnucaTtb

KaK
0 (95F\ 0 (B0F\ _
0z \ 0y oy\ 9z ) 7

OR, OR.
az - ay _07 (9)
o (ory o (oory
ox \ 0z oz\ oz )
OR. OR,
or 0z =0, (10)
o (wEY o (eEy
oy \ Oz ox\ oy ) 7
OR, OR,
oy Oz (1)

B Boipaxkenusx (9)—(11) mMbl uMeeM Jesio ¢ Tpemsi
ypaBHEHUSIMH (MpaBja, 3aBUCUMbIMH MeX1y cO00#)
JUISl HEM3BECTHBIX (PYHKIMH A U dp, ecau (DyHKIUH
HYJIEBOTO TMPUOJIMIKEHHS, a TaKxkKe J0BOJBHO JIETKO
onpenensemyio B obuied ¢opme 6L mpeanosaraTb
3a/laHHbIMH.

Cpasy Takasi 3ajaua TPYJIHOBBINOJHHMA, HO Mbl
MO’KEM pellaTh ee CHauaja Kak Obl JIOKaJbHO, 10
OTJI/ILHOCTH Ha Olpe/leJIeHHbIX JIHHHUSIX, TPeICTaBIIsI-
IOIIMX cOO0U «TpaekTopun» BekTopa VL. B coort-
BETCTBHHM CO CBOHMCTBAMH ypaBHeHHs (2), 10CTaTOUHO
xopotiio udyuenHoiMd Landau and Lifshitz (1973), ato
npsimble. JlelicTBUTENBbHO, O0lIlee pellleHne 3ariChiBa-
eTcsl B BUJIE

(12)

rJie X 3ajaeTcst Kak npou3BoJibHast (BYHKIHS Ha BCIIO-
MoraTesibHOU cepe

L= —ngx—nyy—n.z—x,

ny+ng+n?=1, (13)

TOUKa KOTOPOH OMpeesisieTcs Mo 3aJaHHON B UCTHH-
HOM MPOCTPAHCTBE TOuKe (', Yy, z) COOTHOLIEHUSIMH

oy Ox
Y ne  Ony’
» 0
2 Dy — X, (14)
Ny on,

€CJIM MPEIACTAaBJAATL ceOe 71, M M, HEe3aBUCHMbIMH
nepeMeHHbIMH, uepe3 KOTOpble BbIpaxKeHo n,. [lpu
3TOM aBTOMATHYECKH 110J1y4aeTcs

oL oL oL
—_— = —nNn —_— = —Nn _—
Ox 1 Oy Y702

W KaXk bl ONpeieJIeHHbli Ha0op 3HAYEHHH 1y, 1, Ja-

eT, coryiacHo (14), npsiMyto, napaJjJiesibHyI0 B Kax 10
touke VL. Jlasee BoiGupaem ajisi 6osiee moApOGHOTO

_nz

(15)
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CJIVUAU JAJIBHEUIIEN UHTETPUPYEMOCTH YPABHEHUN JIBUYKEHUW S 155

nceaenoBanus cuctembl (9)—(11) onHy u3 Takux nps-
MbIX. Haamexkaimm noBopoTom mpocTpaHcTBa, KOTO-
phIil, KaK JIerKo MpoBepsieTcsl, SKBUBAJEHTEH MOBO-
pOTy BcrioMoraTesibHOU cdepbl (13), Bcerna MoxkHO
BbIOpaHHble 3Ha4yeHHsl n, W m, coBMecTHTb ¢ 0, a
napaJijiesibHblil epeHoC B MPOCTPAHCTBE TO3BOJISI-
eT OTOXKIEeCTBUTh mpsiMyto (14) mpocto ¢ ocbio x;
OKPECTHOCTb 3TOH 0CH Gy/IeT COOTBETCTBOBATH MaJbIM
HeHyJIeBbIM 3HAUeHHAM 1y U n,. McKiouenne Moxer
MPEICTaBUTh TOJMBKO TOT CJIyual, KOria UCMOJb3YyeTCs
He JIByMepHas mJjollajib Ha cgepe (13), a ToabKO 071~
HOMepHas KpHBasi, T.e. KOIJIa Ny H N, (DyHKIHOHAILHO
3aBUCSIT JIPYr OT Apyra. DTOT OCOObIH CJyuyail Mbl
ONSITh BblJeJIsSIEM /IS CTIeLHaIbHOrO paccMoTpeHust. B
00LLEeM zKe cJryyae Mbl [10J1b3yeMcsl Pa3JjioKeHHeM

1
= = (An2 + Bn2) + an + bn2n,
X 2( n2 4 Bn2) 4+ an 4+ bnin (16)

+ cnyn? +dnd + -

¢ nocrosiuubiMu A, B, a, b, ¢, d. Yaennl ¢ nyn,
NpeanoJaraeM yCcTpaHeHHbIMH [OCPEICTBOM Hajle-
JKallero MoBopoTa BOKPYr OCH X, a UJieHbl MepBOH
cTerneHn oOpaullaloTcsl B HyJdb B CHJYy YKa3aHHOIO
BbIOOpA CUCTEMbI KOOPJIMHAT, IOCTATOUHO MOJICTaBUTh
xr=y=2z=0 B (12), a ayMTUBHAsI KOHCTaHTa B
X He urpasia Obl HHKakod poJsin. Bwibop 3Haka st
Ny, B MPUHLKMIIE, NTPOU3BOJIEH, Mbl BbIOHpaeM n, =
=1 u, us (12), L =—x Ha ocu z. AHajoruyHoe
JIOKaJIbHOE pasJioyKeHue Ham noHajaobures st F. B
cuaty (3), 3HaueHHe F' 3aBUCHT TOJIBKO OT 7y, M, U He
MeHsieTCsl B0JIb OcH . ONsATh HET CMbICJA HAUHHATh
paasioxenue F' = 1)(ny,n,) ¢ KOHCTaHTbI, HO UJIeHbI
MepBoOi cTenenu, Boob1e roBOpsi, OTJAUYHbI OT HYJIs1

Y(ny,n) = e1ny + pan.
y y

1
+ B (’ylnz + 2vonyn; + ’ygng) + -
(17)
Beuny (6), Tem 2xe cBOHCTBaM 3aBUCHMOCTH, TOJIb-
KO OT TOUKH BCIIOMOraTeJ/IbHOl cdepbl, o6manaet v 6L,
NpHUeM CHOBa OT 100aBJieHHs1 B 6 L KOHCTAHTbl HUYEro
Obl He U3MEHUJIOCH (uJieH ¢ Hell B (D) MOXKHO Oblo Obl
BKJIIOUATh B cocTaB dp). Mraxk,

L = 0x(ny,n.) = any + fn,

1
+ 3 (Alnz +2Knyn, + Blng) + -+ (18)
Hanpotus, A u dp Ha ocu = He TOCTOsIHHbL. B
cucreme (9)—(11) nast Ux onpeseseHns: Mbl OKa HC-
noJab3yem ypasuenus (10) u (11), npuuemRy u R, Ham
MOHa1005ITCS TOJBKO B HYJIEBOM MOPSIIKE MO Y U 2 UJIH,

4TO IKBMBAJIEHTHO, 110 My M M, a Ry — B nepsom
NopsiJIKe.

B HyneBoMm nopsinke y- U z-KOMIOHEHThI BEKTOpa
VL (15) oTCyTCTBYIOT, @ £-KOMIIOHEHTa obpalliaercst
B — 1. lnist npubsmzkennoro npeacrasyaenust VF HeoO-
XOJIUMO B MEPBOM MPUOJIHAKEHUH HAUTH CBS3b MEXKIY
Y, 2 C Ny, ny. IDTa cBaA3b BuAHA U3 (14) u (16), a
MMEHHO:

Y — nyT = —Any,z —n,x ~ —Bn,6 (19)
f— y P f— c PR
ny—$_A+ Ny x—B+ 6 (20)
P1Y P22
F = 21
x—A :E—B+ (2D

(nonpasku umeloT nopsiok y2, z2). Kpome toro, (18)
naet 6L = 0 Ha ocH x U B LesioM U3 (8) caesyer

¥1 5p
_ A
R, = - z_A 2 (22)
r— B
9 ¥1 4 P2
z— A z— B
P2
_ a:—B(Sp Ap1 (23)

9 o1 ’ n P2 g z—A
r— A r— B
Jlnst Beluncienust R, noHago6saTcst 6oJiee TOUHbIE,

ueMm (19), Bblpaxkenus ny, n,. M3 (14) umeem

~ 2
y — nyx ~ —Any — 3an, — 2bnyn,

—en + 0(p?), (24)
z—n,x~—Bn, — bnz — 2cnyn.
—3dn2 + O(p?), (25)

M MOJCTAHOBKA B KBAJPATHUHbIE YJEHBI MO 7y, T,
nepBoro npudJanxkenusi (19) naer

Y 1 3ay? 2byz cz?
" , (26)
r—A z—A\(x— A2 (z—A)(x—B) (z—B)?
z 1 by? 2cyz 3dz?
o 97
"= B i B\a—ar  w—A)@-B) " @-Bp (27
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156 HIAMIIMEB

C yBeJIMUEHHOM TOUHOCTBIO HaXo UM F 1 0 L:

v1Y Y2z 1 3ay? 2byz cz?
F =
t—A T B x—A((:p—A)2+ @ A)@-B) (@ By

2

Y2 by 2cy2 3d2? 1 Y1y? 29y % Y322 5
+~”C—B<<f’«"—f4)2+<~"U—A)(ﬂc—B)+(:f:—B)2> <(:U—A)2 (:E—A)(x—B)+(;n—B)2>+O(p )

2
S — ay N Bz n « 3ay’ n 2byz n c2?
rx—-A z-B z-A\(z—-A)?2 (z—A)(x—B) (v—B)2

I3 by? 2cyz 3dz? 1( Apy? 2Kyz B 22
' w—B((w—A)?* = Ae—B) " <w—B>2> +5<<x—A>2 A xX—5) ' <x—B>2> HOwD.
P 2ap1 bay 2bz apa+ L1 2by 2cz
VExTiL = 2 o (et )t e ((w—A)2 y (w—A)(m—B>>

P1 Ay K=z o 1y Y22
+x—A<(m A2 @A B)) T ((m—A)2 * (w—A)(x—B))

2B 2cy 6dz V2 Biz Ky
"By ((x—A)(x—B)* <w—B>2> "B ((w—B)?* <w—A><x—B>)

B 72y V32 B2 9
+w—B <(x—A)(ac—B) + (x—B)2> + (x—B)? +0(p%)-

(28)
0F .
Bo Bropom uJsiete (8) B 3, YK€ HMeeT MepBhifi MOPAIOK 10 p, M03ITOMY OCTatoLIasiCs JpoOb YUUTbIBAETCS
x

TOJIbKO B HYJIEBOM IOPSIAKE. B YaCTHOCTH, oL YUUTBIBATb HE HAJl0, a4

s . 9} 03
(VF)?~ TRV R (29)
Haxkouet,
OLOF OLOF OF OF 12— oy
g0z ozoy "oy "oz (w-A)w- B) (30)
U BMeCTe
R o9 n 12acvp1y dapr bz A1y 1Kz Y1y
©T @A @A @—AP@—B) (@-AP  @-AP@—B) (a-Ap
n Y20z B dpa ey 12Bpodz  p2B12 w2 Ky Y28y
(x—A)?(x—-B) (¢-B)? (v—A)(z—B)* (2-A)* (z-B)* (z—A)(z-B)* (z—A)(z—DB)?
V332 by by cz cz
T-pp A etad) <<x—A>3<w—B> YA BE A By *(m—A)?(x—BP)

Py P22
o0 o) L Agay— 912)

7 2\ @-A-B)
2<<x—A>2 * <x—B>2>

(31)
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Ypasuenusi (10) u (11) nprobpeTaioT B COOTBETCTBEHHO

4bapy o1 K n ays 128¢pad 21
(x—AB3x—-B) (x—A?*(x—B) (x—A)?*(x—B) (z—B)* (z—B)?
p20p
(z — B)? 733
$—A2x—B2>+ +:E—B3
= AR5 2( A .7 ) G-EF

+2c(p2a + 1) <(x_B)3($_A)

p20p
B A1 L9 (Aer ) 19 z—B _0
(x—A)(x—B) Odx\z—A) 20z ©? N ©3 -
(x—A)?  (z-B)?
"
12aap; P14 L_om ABpac pa K
(x—A)* (z—A32 (x—A3 (z—A)(rx—B)® (z—A)(x— B)?
©10p
1 1 (x — B)?
+2MWQ+¢ﬁ)Qx—AP@—B)+@FAP@—BP>+2 A, A
(x— A2 (z - B)? (33)
©10p
B Bz N O Ap2\ 10 r— A _0
(x—A)(x—B)? OJx\z-B 20x 3 ©2 '

@w—A2  @-Bp

3. PEHHIEHWME CHUCTEMBI IS é6p 11 A

B (32) u (33) Mbl UMeeM JIeJ10 C CHCTEMOH JIBYX OObIKHOBEHHbBIX JU(QepeHIHaIbHbIX YPAaBHEHUH U1 IBYX
dyHKumMii 6p u A aprymenta z. Obllee pellieHHe J0/KHO COIEPKATh JIBe MPOU3BOJIbHBIE TIOCTOSIHHbIE €] H Co.
Kak nmokasbiBaeT mpoBepKa, 0HO UMeeT CJIeIYIOIIHMH BUJL:

_ O AIPL AL pipeK Gaagt | 261 (Beitags)  ame
2 (- AP (2—-A)2(z-B) (x—-A)* (- AP@x-B) (z- A3
N By2p1 pren ©1B pap1 K 6dBes  2cpa(aps + Ber)
@-—A22-B) (@-A2 @-BP @-A@-BF @-BF @-A@-B?F Y
N 212 (ba + ¢f3) By302 Y22 c202
(x—A2@x-B)? (r-B)3 (zr—A)(x—-B)? (vr—B)*
B (x —A)(x — B)
QTR e ey )
TIe
" B3 + Bip2 N 6dBps  aye+Ker  2bap; N 2c(oupr + Ber)
B r—B (x — B)? r—A (x—A)?2 (z— A)(z - B)
(36)

B ay +Aipr | Gaapr | Bt Koy 2cBpy  2b(aps + Ber)
L R—} r—-A2 "~ 2-B | (x-B)? (z-A(z—B)

+ cop1 — Crp2.
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4. KITACCUPUKALIMSI BO3MOKHDBIX
CJIVUAEB

O6paTum BHHMaHHe, UTO B JieBOH uyacTH (34) Mbl
BOCCTAHOBMJIM 4jieH ¢ JL, nMest B BHIY NPeCTOsi-
1iee 06001eHHe Ha TPOU3BOJILHYIO TOUKY MPOCTPaH-
ctBa. JleficTBUTEbHO, BHIMOJHEHUS ycaoBus 6L = 0
YIOMHMHABIIUMCSl TPUBHAJbHBIM CMellleHHeM OJIHO-
BpeMeHHO 1o aprymeHty L u ¢yHkunn p(L) mMox-
HO JIOOUTBCSATOJILKO Ha OJHOH MPSIMOH, a BO BCEM
OCTaJIbHOM MPOCTPAHCTBE MPHUXOAUTCS 3aMEHUTH Op
Ha KomOuHaiwmio 0p + p'(L)0L, WHBapHAHTHYHO 10
OTHOILIEHHIO K TakUM cMellleHussM. PoJsib © BHe ocu
abeumce urpaet L. Hakownel, nsist onpenesenusi pas-
JIMUHBIX TTAPAMETPOB, BXOJSALIMX B MPABYIO YaCTh Bbl-
paxkenusi (34), HAlO BPEMEHHO MPEICTaBJSAThL COOT-
BETCTBYIOLLYI0O HOPMaJjib COBMELIEHHOH C OChIO T U
MPU 3TOM T10JIb30BATHCS HALIMMH HOPMHPOBOYHBIMH
MPeNoOChUIKAMH.

C npyro# CTOpOHBI, MPaByio YacThb (34) HETPYIHO
NpeJACTaBUTh CyMMOH MPOCTEHIINX ApoOeH:

v=4 g h
2 [@;_A)u* @-pr) O
rue
g4 = 6&0[(,0%, h4 = 6dﬁ§0%,
201 (Be1 + aps)
= A%
g3 191 +ampr + 1-5 ;
2c + «
hy = B1p3 + Byspa + 21CLy 902),
B-A
1
g1 =—h = m ’72(04902 - 5901)
2(b
n (b1 + cp2)(Ber + apa) . (38)

A-B

BoipaxkeHusi go v ho He MPEACTABASAIOT JAJs Hac
MHTepeca BBH/lY HaJMUUsl B HX COCTABE HEM3BECTHbIX
BEJIMUMH €] U C3.

Knaccngumpyem Bce Bo3MOXKHbIE CJlydan BbIMOJ-
HeHust ToxKaecTBa (34). I1pu s3ToM, roBopst 0 KAKOM-TO
paBeHCTBE MeXK/ly NapameTpamH, Mbl M0JIpadyMeBaem
ero CrpaBeyIMBOCTb BO BCEM MPOCTPAHCTBE, MHAue
Mbl MOTJIM Obl TIPOCTO MepenaTh PoJib OCH & NPYro
HOpMaJI, YT0Obl H30aBUTBLCS OT ITOTO PaBEHCTBA.

[lepBblii Bapuant — o0coOblil cJjyyaid, Korua
A=B.
Bropoit Bapuant — 310 Koryia kak A, Tak u B

MEHSIIOTCS1 OT OJJHOH HOpMaJId K Ipyroil. Ecin 6L = 0,
To U3 (34) Mbl cpady MO)KeM BbIPa3UTb Jp B BH-
ne cymMmbl caaraembix (—L — A)Y u (=L — B)” ¢
HEKOTOPBIMH KO3((HUIIMEHTaMH, TTpUueM 3HaueHus A
u B 6epytes mist ocu abeuuce. Ho torma Ha sto60i
NpsIMOH, IJle 9TO Napa NpUHUMAeT Apyrue 3HaueHus,

TOJIYHTCS1 OUEBHJIHOE MPOTHBOPEUHe (CieBa U cripaBa
onsiTh pasHble QyHKIMM OT L = —x), KpoMe cJyuas
obpallleHusi B HyJb Bcex KoadduumentoB. Ecan xe
dL nepemeHHo, T0o dp U p Kak JBa HEM3BECTHbIX
ONpeessiioTes Mo JIBYM NPSIMBIM, Ha KOTOPbIX &L
MMeeT pa3Hble 3HAUEHHUs], U CHOBA TIOJYUaeTCsl MPOTH-
Bopeuue, Korja napa (A, B) — uucJieHHO HHasl, ueM
JUIS 3TUX JIBYX NPsIMbIX. EMMHCTBEHHAsi ocTaBiiasicsi
BO3MOXKHOCTb — oOpallleHHe B HyJsb BCell TpaBoi
yacTi (34).

[1pu 3ToM no/KHBI 0O6paliaThest B HyJb g4 U hy. C
TOUHOCTBIO 710 HECYIIECTBEHHOH MepeMeHbl POJIIMU Y
M Z BO3MOKHbI HH2KeC/Ie/TytollHe M1Th BAPHAHTOB:

a) a=d=0;
b) a=10,8=0;
¢) a= 0,92 =0;
d) a=8=0;

e) a=0,09=0
(BapuaHT F' = const U 1 = @2 = 0 MBI He paccmar-
pUBaeM, OTHOCS X JaJiee K 0C0O0My CJIyualo).

[Ipu TpeThbem BapuaHTe BO3MOXKEH CJlyuai, Korja
A nocTosiHHO, a B MeHsieTcs B mpocTpaHcTBe. TouHO
TaKWe JKe paccyxjieHHnsl, Kak BO BTOPOM cJlyuae, ro-
Ka3bIBAIOT, UTO HaJIMUWe B MPaBOH UACTH UJIEHOB CO
creneHsmMu (x — B) ™! npUBOAMT K IPOTHBOPEUHIO, TO
eCTb JIOJKHO ObITb hy = - -- = hy = 0. Kpome Bcerna
MPUCYTCTBYIOIIETO YCJIOBUSI A = const, moJsydaiorcs
CJIe/lytollIHe BapHAHThI:

a) d=0;
b) @2 =0;
c) g=0.

YeTBepTblil BapuaHT — 3710 Korjia A 1 B 11ocTosiH-
HBI, HO Pa3JIMUHBI MeXKy COOOH.

[IaTbifi BapuaHT mnpejacTaBJjsieT ocoOblil chyvai,
Korja ¢ = g = 0.

[Tocnieanuii, wecTtol BapuaHT — 3TO elle OJUH
0co6blil cyyuail PyHKIHMOHAJIbHON 3aBUCHMOCTH MEX -
Iy Ty M 1.

PaccmoTpum 3t ciyyau 6oJiee nogpoO6HO MO Mo-
PSIIIKY.

5. CJIVUAM, CBA3AHHBIM C CUCTEMOM
COEPUYECKUX KOOPIMHAT

Haiins nepeceuenns 6suskux Hopmagneil (14) x
nogepxHoctd L = 0, ybexnaemcsi, uto A u B —
IJIaBHble pajuycbl KPUBHM3HbI 3TOH nosepxHocTH. Mx
COBMajieHNe B KaXJI0H TOUKe 03HAUaAeT, KaK HU3BECTHO
(Sokolnikov, 1971), uTo naHHas MOBEPXHOCTb OKA3bI-
Baercs cepoti. [Ipu o6bUHO MpennosaraeMoM COB-
naJleHHH LeHTpa cepbl ¢ HauaJ oM KOOpP/MHAT UMeeM

L=—r=—yz?+y>+ 22, (39)
ACTPOOU3MYECKWUM BIOJIJIETEHD  1om79 Nl 2024
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x Y z
Ny = —, Ny = = =
oYy
[Tpu Hawiell HecTaHZapTHOH CHCTeMe KOOpJAMHAT M
CTaHAAPTHOH HOPMHPOBKE HMEIOT MECTO HECKOJIbKO
HHbIE BbIPAYXKEHHsI

(40)

r+ A Y z
Mg = == Ny = =7, Ny = —— (41)
A 5 o
X:A(l—nx):g(ny—i-nz)—k---, (42)
r=v(@+A2+y2+22, L=—r, (43)

TMPUUEM UJIeHbl TPETheH CTeNeHH B Pa3JsIoXKeHHH Y OT-
cyteTByIOT. OIHaKO ISl HEMOCPEACTBEHHOTO aHan3a
CHUCTeMbI ypaBHeHHH (5)—(7) ynobHee B 1aHHOM CJIy-
uae Boipaxkenusi (39) u (40). Ecau Besne pasnenutsb

1
paiasbHy1o e TpaHcBepcaJsbHylo —D | MpOu3BOJI-
r T

HYI0 (MpUYEM MOCJIe/IHSIS CaMa ellle SIBJISIETCs IByMep-
HBIM BeKTOpoM, a D o3HauaeT nuddepeHpoBanme
no cdepe (13)), To uz (5) u (7) CoOoTBETCTBEHHO
rnoJyyaeTcst

2
SDLF x D OF + p (=)L + dp(—r) =0, (44)

0 1
or r?
N3 ypaBuenus (45) cpasy caenyer
1
0F = ;DlF x D1 0L+ o, (46)

TJIe (¢ 3aBUCHT TOJIBKO OT YIJIOBbIX KoopauHart. [Tox-
cTaHoBKa (460) B (44) naet

2
—3DJ_F X DJ_(DJ_F X DLéL) + 5/)(—7‘)
r

2
+ ﬁDJ_F X Dip+p'(=r)dL =0, (47)
Bynem cuurath, uto mexxay 3, r=2, p’ u 6p Kak
(QYHKLMAMH OT 7 CYLLECTBYIOT JBe JIMHeHHbIe 3aBUCH-
MocTH. Torma

/ g a1
P = ﬁ—i_ 7’_37
2
gl g
S 48
=G (L) )
ho  hp
op = 2t (h1, h2, g, 5, g1 = const).  (49)
2DJ_F X DJ_(DJ_F X DJ_(5L) = gl5L + hl, (50)
2DJ_FXDJ_Q0:—Q(5L—h2, (51)
rae
2
g
x=go+ —.
90 291
ACTPO®U3IUMYECKHHN BIOJIJIETEHD  tomM79  Ne |

159

YpaBHenuem (50) 3amaercs HeKOTOpasi CBSA3b MEXK-
1y 3a7aHHbIMH QyHKuMsiMM F' u 6 L. Ecau npencra-
BUTb, UTO KaKOe-TO pellieHne Jyist 3ToH napsl £ u dL
MOJIyueHo, TO pellieHHe CJeylollero ypasHenus (51)
yIpoLlaeTcsl B TOM cJlydae, Korja MOKHO ONpPeie/uTh
¢pynkumio ¢ Ha cepe, ynoBaAETBOPSIOLLYIO G0Jiee MPo-
CTOMY ypaBHEHHIO

DJ_F X DJ_q) =1.
JlefcTBHTENBHO, TOTAA MpH g1 7’5 0

1
o=-Ip Fx DL6L+—<M—h2> . (52)
9 2\ 91

O6o3Hauum st yno6etBa Kosdpduuuent npu ¢ B
nocsenHen hopmyJie uepes A, T.e.

hy = 119 9.

91
[ToncranoBka (36) B (29) naer

5F = (1— i) DI F x D, 5L — A®.
LAt

HeBo3smozkeH elle BTOpoii cjyuai, Korna Mexjuy ue-
ThIpbMS PYHKUMSIMH OT 7, BXOASLIMMU B (47 ), npucyT-
CTBYET TOJIbKO OJIHa 3aBHCHMOCTb. Ho Torma Bce ux
K03(ppULMEHTDI, 3aBUCSIIIME OT YIJIOBBIX KOOpPJMHAT,
JIOJKHBI OBbITH MPOMOPLUMOHANBHBI APYT JPYry H, B
YaCTHOCTH, 0L cBejleTcsl K MOCTOSIHHOM, J1axKe NMPOoCTo
K 0, U3-3a HeCyLIeCTBEHHOCTH aJUIMTUBHON MOCTOSIH-
no#i. Ho Torna B (47) ocraercs

2
ﬁDJ_F X DJ_(,D—I—(Sp(—T‘) =0. (53)

6. IPUMEHEHUWE JAHHOU TEOPHMH K
[TOCTPOEHUNIO TPAEKTOPUU

Hanomuum, uro Antonov and Shamshiev (1992)
OCTaHOBUJIUCb HA TOM, UTO JIOKAJIbHBIH HHTErpas uc-
cyelyeMoil opMbl Bcerja Mo3BoJisieT NPeiCTaBUTh
g depeHiManbHble YpaBHEHHST TPAEKTOPUH B BHJE
(4). [1puuem noJsie ckopoctei (u, v, w) ONpPenesIeTcs
hopmysnamu

(u, v, w) = VF £ VL\/p(L) + 2h,

rjae h — nocTosiHHAast 9HEpPruu.

(54)

Cucrema (4) uMeeT BCe yKe MeHbLIHUH MOPSIIOK, YeM
HCXo/iHble I depeHnabHble ypaBHEHHS IBUAKEHHS.
Bapbupys h B (54) U B uHTerpajie >HEpPTHH, JIETKO
rnoJstyuaem

oG oG oG
U——F+Vv—Fw-—=1,

Oz oy 0z (59)
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rue

dL
o=t |

Bnosb Tpaektopun (55) HHTErpUpyeTCcsl OUEBHIHBIM
00pa3oM. YpaBHeHHE TPAEKTOPUH

G(z,y,z) =t —to (tyg = const). (56)

[ToepxHoctu ¢ p(L) = —2h orpaHHuuBaiOT 06J1aCTh
JIBUXKeHHs1 uacTullbl. MHTerpan (56) 3aBucsiuii oT
BpPeMEHH U CHCTeMbl (4), CylllecTBYeT Bceria, HO B
JIAHHOH CTaThe, KaK y»Ke 00bsCHsIOCh BO BBeneHuu,
Mbl paccMaTpHBaeM cJydyau JasbHellleld HHTerpupye-
mocTH. [IpuHUMI ocTaeTcst TOT XKe camblil, HO BapbH-
pyetcsi cefiuac He h, a pynkuun F, L v p. Torna

(0u, dv, dw) = V(OF + M),

rue
M = j:/\/p(L) + 2hdL,
_ p(L)
SM =+ dL + \/p(L) + 2h 8L,

Vp(L)+2h
a BapbUPOBaHKe HHTErpaJia SHePTHH MPHBOIUT K
wou + vdv + wow = 0,

UTO MOCJI€ HHTErpupOBaHus BAOJIb TPAEKTOPHH ITO3BO-
JISIET 1OJIYUHUTb JIOKaJIbHbIH HHTErpaJi ABU2KEHH 1

0F + 0 M = const. (57)

KoHKpeTHble BbIUMCJIEHHSI B OCHOBHOM BapHaHTe
MepBOTO Cayuas AatoT caeayionine hopmyJibl.

[Tpu g1 > 0,
2 . g1—gL h1 (91 —gL)?
oM = 2A,/—arcsin — —4[2(2h + 3) — T—T L+ \/p(L) +2h 6L +c;. (58)
g1 <L\/2gl(2h+%) g1 ( ) q L p(L) !
[Ipu g1 <0,
2 11 ¢ 2(2h+ ) <1 g>2 hi  [2(2h4+3) <1 g>2
SM=2A/—In|—— L4 2T (2 9) 1y +( == L) + /D) 2R 6L + .
g |L ¢ \/ 91 L g V291 91 L g p(L) ?
(59)
[Ipu g1 =0,
1 3g+22h+go)| 2h1 [2h+go 1
oM =|—— — — L)+ 2hdéL .
[3L 3 N 7 J + ot V(L) + +c3

7. SAKJIIOUEHHUE

B 3aksioueHun OTMETHM, UTO MOYKHO HAHTH U Tpe-
TH WHBapHaHT, CBs3ylOUMH x, y, z. leldcTBUTENb-
HO, B OIpeJeIeHUH ¢ B BblpaxkeHHH (H1) umeercs
MPOU3BOJI: K ¢ MOXKHO JI0OaBUTb C MPOHM3BOJIbHBIM
K03 HUIMEHTOM TaKyto QYHKIHIO ¢ Ha cdepe, JUHUU
YPOBHSI KOTOPOH OPTOrOHaJ/IbHbI JIHHUSIM F' = const.
[TosTomy (¢ = const Ha TpaeKTOPUH, UTO MPOBEPSIETCS
1 Herocpe/ICTBEHHO.
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Cases of Further Integrability of the Equation of Motion in the Presence of the
Local Integral in the Space Model. |

F. T. Shamshiev!

INational University of Uzbekistan, Tashkent, 100174 Uzbekistan

A local integral that allows us to immediately determine the velocity field for certain specific initial
conditions was introduced Antonov and Shamshiev in 1992. We consider cases where the integrability
of the trajectory can be advanced further. We then obtain an analytical relationship between z, y, z, t on a
given trajectory. Possible cases are classified and one of them is analyzed.

Keywords: methods: numerical—stellar dynamics: equation of motion
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